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EXERCISE 1
Consider the manipulator sketched in the picture:
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1. Find the expression of the inertia matrix B(q) of the manipulator1

1The cross product between vector a =

 a1

a2

a3

 and b =

 b1
b2
b3

 is c = a× b =

 a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1





2. Compute the matrix C(q, q̇) of the Coriolis and centrifugal terms2 for this manipulator.

3. Check that matrix N(q, q̇) = Ḃ(q) − 2C(q, q̇) is skew symmetric.

2The general expression of the Christoffel symbols is cijk =
1
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4. Ignoring the gravitational terms, write the equations of the dynamic model for this manipulator.

EXERCISE 2

1. Suppose that a trajectory for a scalar variable has to be defined, which achieves the values reported
in the following table, at the given instants:

t1 = 0 t2 = 3 t3 = 5 t4 = 7 t5 = 10
q1 = 0 q2 = 45 q3 = 20 q4 = 50 q5 = 65

Consider the interpolation of such points by a single polynomial of suitable degree. Write the vector
equation that has to be solved for this specific example in order to find the coefficients of such
polynomial.



2. What are the issues that suggest not to use the interpolation with a single polynomial?

3. Assume now that you want to use cubic polynomials in each interval. Assign suitable values to the
velocity at the intermediate points.

4. If you use the spline method to interpolate the given points, which ones out of the position, the
velocity and acceleration are continuous in all the intermediate time instants, i.e in the open interval
(t1, t5)? And what about the initial and the final time instants t1 and t5?



EXERCISE 3

1. Consider a single mass affected by an external force f and a control force u:
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Show that applying a proportional-derivative action on the position p yields an impedance relation.
Are all the parameters of such relation assignable?

2. Write the expression of an impedance control law such that all the parameters of the impedance
law can be assigned.



3. The generalization of the impedance control law of the previous question to a whole manipulator
consists of the following equations:

τ = B (q) y + C (q, q̇) q̇ + g (q) + JT (q) h

y = J−1
A (q) M−1

d

(
Mdẍd + Dd

˙̃x + Kdx̃ − MdJ̇ (q, q̇) q̇ − hA

)
Explain the meaning of all the symbols used in such equation.

4. Write the resulting impedance relation that is obtained using the control law of the previous question.
If Md,Dd,Kd are all diagonal matrices, what do you expect will happen if you apply a force at the
end effector along a certain direction (for example along the axis z)?


