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EXERCISE 1

1. Consider the manipulator sketched in the picture, where the mass of the second link is assumed to
be concentrated at the end-effector:
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Find the expression of the inertia matrix B(q) of the manipulator.



2. Compute the matrix C(q, q̇) of the Coriolis and centrifugal terms1 for this manipulator.

3. Write the complete dynamic model for this manipulator.

1The general expression of the Christoffel symbols is cijk = 1
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4. Show that the model obtained in the previous step is linear with respect to a set of dynamic
parameters. Is it possible to identify the mass of the first link with experiments based on such
model?

EXERCISE 2

1. Explain what is meant with kinematic scaling of a trajectory and write the general expression of a
trajectory in the form (parameterized) which is used in such scaling.

2. The parametric form of a cycloidal trajectory for kinematic scaling is given by:

σ(τ) = τ − 1

2π
sin(2πτ)

Find the expressions of the maximum velocity and maximum acceleration for such trajectory in
terms of the positioning time T and the total displacement h.



3. Consider the design of a cycloidal trajectory from qi = 10 to qf = 30, with q̇max = 10 and q̈max = 20.
Find the minimum positioning time.

4. Suppose now that a harmonic trajectory is used for the same positioning. Do you expect a longer
or a shorter minimum positioning time with respect to the previous one? Motivate your answer.



EXERCISE 3
Consider a kinematically redundant manipulator.

1. Write the general expression of the solutions of the inverse kinematics problem at velocity level,
specifying what is the projection matrix and what is its role. Write also the cost function whose
minimization leads to this general solution.

2. Express the solution in the form that includes a closed loop correction (kinematic control) and
explain why this correction is used.



3. Discuss some criteria to select the joint velocities q̇0 to be projected onto the null space of the
Jacobian matrix.

4. Consider a robot with seven joints and a task that concerns only the position of the TCP. What is
the size of the vector q̇0 of joint velocities to be projected onto the null space of the Jacobian matrix
and what is the size of the vector after such projection?


