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EXERCISE 1

1. Consider the manipulator sketched in the picture, where the mass of the second link is assumed to
be concentrated at the end-effector:
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Find the expression of the inertia matrix B(q) of the manipulator.



2. Compute the matrix C(q, q̇) of the Coriolis and centrifugal terms1 for this manipulator.

3. Write the complete dynamic model for this manipulator and specify whether this model depends on
both joint positions, both joint velocities, and both joint accelerations.

1The general expression of the Christoffel symbols is cijk = 1
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4. Show that the model obtained in the previous step is linear with respect to a set of dynamic
parameters. Is it possible through suitable experiments to identify the value of the mass of the first
link m1?

EXERCISE 2

1. Write the parametric expression (in terms of a natural coordinate s) of a segment in space, used for
planning a linear path.

2. Show that, in the general case, the absolute value of the time derivative of the natural coordinate s
is the norm of the linear velocity of the end-effector.



3. Consider now the planning along a linear path. Assume that the length of the segment to cover is
0.5 m and that the maximum linear velocity of the end effector is 1.5 m/s. Compute the minimum
positioning time, if a cycloidal dependence on time 2 of the natural coordinate is used.

4. Explain what is an artificial potential method in the context of path planning with obstacle avoid-
ance. What is a possible issue with this method?

2The normalized expression of a cycloidal trajectory is σ(τ) = τ − 1
2π

sin (2πτ)



EXERCISE 3
Consider the following system of kinematic constraints

q̇1 + cos (q1) q̇2 + q̇3 = 0

sin (q1) q̇1 + q̇2 − q̇3 = 0

where q =
[
q1 q2 q3 q4

]T
.

1. Using the necessary and sufficient condition, determine if the first constraint, considered as an
independent constraint, is holonomic or nonholonomic.

2. Using the necessary and sufficient condition, determine if the second constraint, considered as an
independent constraint, is holonomic or nonholonomic.



3. Assuming that AT (q) q̇ = 0 is the Pfaffian form of the system of two constraints, and

g1 (q) =


1 + cos (q1)

− (1 + sin (q1))
cos (q1) sin (q1) − 1

0

 g2 (q) =


0
0
0
1


are two vectors in the null space of AT (q), demonstrate that the system of two constraints is
holonomic.



4. Does the following kinematic model

q̇ = g1 (q)u1 + g2 (q)u2

where g1 (q) and g2 (q) are the vectors introduced in the previous step, describe the motion of the
mobile robot characterized by the system of two constraints?

EXERCISE 4
Consider the design of the trajectory tracking controller of a robot described by the rear-wheel-drive
bicycle model.

1. Write the relations that allow to transform the bicycle model into the canonical simplified model.
Under which assumptions do these relations hold?

2. Considering a point P , located along the linear velocity vector v at a distance ε from the wheel
contact point, write the analytical expression of a feedback linearizing controller for the canonical
simplified model.



3. Consider the implementation of a controller as a ROS node. The following two codes (A and B)
represent two different ways of implementing the node periodic loop. Which of the two is the correct
implementation for a controller node? Clearly motivate the answer.

Listing 1: A

void c o n t r o l l e r : : RunPer iod i ca l ly ( void )
{

whi le ( ro s : : ok ( ) )
{

Per iodicTask ( ) ;
ro s : : spinOnce ( ) ;
u s l e ep (1000) ;

}
}

Listing 2: B

void c o n t r o l l e r : RunPer iod ica l ly ( f l o a t
Period )

{
ro s : : Rate LoopRate (1 . 0 / Period ) ;

whi l e ( ro s : : ok ( ) )
{

Per iodicTask ( ) ;
ro s : : spinOnce ( ) ;
LoopRate . s l e e p ( ) ;

}
}

4. Explain the difference between implementing a trajectory tracking controller where the function
that computes the control variable is called in PeriodicTask, and one where it is called by the
callback that receives the robot’s position measurements. Why is it wrong to call it in the callback?


