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EXERCISE 1

1. Consider the manipulator sketched in the picture, where the mass of the second link is assumed to
be concentrated at the end-effector:
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Find the expression of the inertia matrix B(q) of the manipulator.



2. Compute the matrix C(q, q̇) of the Coriolis and centrifugal terms1 for this manipulator. Is this the
only possible expression that matrix C can take?

3. Check that matrix Ḃ (q)− 2C (q, q̇) is skew symmetric.
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4. For a generic manipulator without gravity load, as the robot in this exercise, compute the expression
of the derivative of the kinetic energy, exploiting the fact that matrix Ḃ (q) − 2C (q, q̇) is skew
symmetric. Specify whether this result can be obtained only with a matrix C computed from the
Christoffel symbols or if it is general.

EXERCISE 2
Consider the control of a manipulator with vision sensors.

1. Explain what are the “eye-in-hand” and the “eye-to-hand” configurations, mentioning some pros
and cons of both solutions.

2. Making reference to the following picture, where a single image point is considered, explain what is
the interaction matrix in the context of visual control, specifying precisely:

� the variables that are related by the interaction matrix

� the size of the interaction matrix

� the variables upon which the interaction matrix depends

� which columns of the matrix depend on the depth Z



3. Explain what is the image Jacobian, what is the size of such matrix, and what is its relation with
the interaction matrix.

4. Sketch the block diagram of a look-and-move, image-based, vision control system and specify the
expression of a control law based on the image Jacobian.



EXERCISE 3

1. Consider a system of kinematic constraints in Pfaffian formAT (q) q̇ = 0 where q =
[
q1 q2 q3 q4

]T
and

AT (q) =

[
1 0 0 1
0 q1 1 0

]
Assuming that two vectors in the null space of AT (q) are

g1 (q) =
[
0 1 −q1 0

]T
g2 (q) =

[
1 0 0 −1

]T
write the kinematic model of the robot whose motion is described by the two kinematic constraints.

2. Referring to the kinematic constraints of the previous question, write the vector fields describing all
possible motions of the robot, and determine if all points of the configuration space are accessible
by the robot.



3. Consider another robot, moving in the xy-plane and whose configuration is described by q =[
x y θ

]T
. The motion of the robot is characterised by the constraint ẋb = 0, where (xb, yb)

is the local robot frame. Write the kinematic constraint, in Pfaffian form, at which the robot is
subjected.

4. Consider the following kinematic model

ẋ = −v cosφ cos θ

ẏ = −v sinφ cos θ

ż = v sin θ

θ̇ = ω1

φ̇ = ω2

Complete the following C++ function used by odeint to simulate the model, assuming that u1, u2,
u3, are three variables of the class representing v, ω1, and ω2, respectively.

void s imu la tor : : s imu la to r ode ( const s t a t e t y p e &state , s t a t e t y p e &
dstate , double t )

{

}



EXERCISE 4

1. In an optimal sampling-based planning algorithm what are the two assumptions the cost function
should satisfy? What is the additional property a cost should satisfy in RRT??

2. Write the pseudocode of the rewiring function of RRT? planner.

3. Consider kinodynamic RRT?, assuming a unicycle kinematic model for the robot and a configuration
space described by {x, y, θ}. Write the analytical formulation of the two point boundary value
problem (exact steering) that must be solved in order to connect two nodes qi and qi+1 in minimum
time, but weighting the control effort. Include also the two actuation constraints v ∈ [vmin, vmax]
and ω ∈ [ωmin, ωmax].



4. What are the three main groups of kinodynamic constraints considered by a kinodynamic sampling-
based planner? Provide an example for each group.


