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EXERCISE 1

1. Consider the manipulator sketched in the picture, where the mass of the second link is assumed to
be concentrated at the end-effector:

l
1

m 2

m 1 ,  I 1

Find the expression of the inertia matrix B(q) of the manipulator.



2. Compute the matrix C(q, q̇) of the Coriolis and centrifugal terms1 for this manipulator.

3. Check that the expression q̇TN(q, q̇)q̇ = 0 , where N(q, q̇) = Ḃ(q)− 2C(q, q̇), is true in this case.

4. Disregarding the gravitational terms, write the dynamic model of this manipulator in a form that
is linear with respect to a set of dynamic parameters.
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EXERCISE 2

1. Suppose that a trajectory for a scalar variable has to be defined, which achieves the values reported
in the following table, at the given instants:

t1 = 0 t2 = 2 t3 = 5 t4 = 8 t5 = 10
q1 = 0 q2 = −5 q3 = 10 q4 = 40 q5 = 60

Assign suitable values to the speed at the intermediate points.

2. Using the values of speed previously evaluated, compute the expression of the cubic polynomial for
the first interval (from t1 to t2).



3. In the spline method, the following equation has to be solved:

Av = c

Explain what is the meaning of the symbols used in this equation, what are their sizes, and whether
matrix A has any particular shape.

4. Explain which one of the acceleration profiles shown in the following pictures has been obtained
with the spline method:



EXERCISE 3

1. Given a kinematic constraint in Pfaffian form

X (q) ẋ + Y (q) ẏ + Z (q) ż = 0

where q =
[
x y z

]
is the configuration vector. Illustrate the necessary and sufficient condition

for this constraint to be holonomic.

2. Consider the following kinematic constraints

q̇1 − 2q1q̇2 + 5q̇3 = 0 7q1q̇1 + q22 q̇3 = 0

where q ∈ R3 is the configuration vector. Determine, using the necessary and sufficient condition,
if each of these constraints by itself is holonomic or nonholonomic.



3. Consider two mobile robots, whose configurations are described by q ∈ R3, and whose motion is
described by q̇1 − 2q1q̇2 + 5q̇3 = 0 for the first robot, and 7q1q̇1 + q22 q̇3 = 0 for the second robot.
Does the following kinematic model

q̇ =

2q1
1
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describe the motion of the first robot, and the following kinematic model

q̇ =

−q220
7q1

u1 +

0
1
0

u2

the motion of the second robot?
Clearly motivate the answer.

4. Considering the second constraint (aT (q)q̇ = 7q1q̇1 + q22 q̇3 = 0), two vectors in the null of aT (q) are

g1 =

−q220
7q1

 g2 =

0
1
0


Compute the vector field representing the motion that is locally constrained by 7q1q̇1 + q22 q̇3 = 0.



EXERCISE 4

1. Write the definitions of small-time local accessibility and small-time local controllability.

2. Write the conditions that must be checked to verify if the kinematic model of a mobile robot is
small-time locally accessible or small-time locally controllable.



3. Using an example, provide an intuitive interpretation of all the conditions introduced in the previous
step.

4. Show how, applying the conditions introduced in the previous step, one can determine if the canon-
ical simplified model is small-time locally accessible or small-time locally controllable.


