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EXERCISE 1
Consider the manipulator sketched in the picture:
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1. Find the expression of the inertia matrix B(q) of the manipulator1

1The cross product between vector a =

 a1

a2

a3

 and b =

 b1
b2
b3

 is c = a× b =

 a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1





2. Compute the matrix C(q, q̇) of the Coriolis and centrifugal terms2 for this manipulator.

3. Check that matrix N(q, q̇) = Ḃ(q)− 2C(q, q̇) is skew symmetric.

2The general expression of the Christoffel symbols is cijk =
1
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4. Mention one situation where the skew symmetry of matrix N is used.

EXERCISE 2

1. Consider the block diagram sketched in the following picture:

Explain which control scheme it refers to and what is the result in terms of closed-loop dynamics
that can be achieved with such control scheme.



2. Consider now a generic two-link manipulator, for which the inertia matrix, the matrix of the Cori-
olis and centrifugal terms, and the vector of the gravitational terms can be written as follows,
respectively:

B =

[
b11 b12
b21 b22

]
,C =

[
c11 c12
c21 c22

]
,g =

[
g1
g2

]
Write the expression (equation by equation) of the control law for the control scheme of this exercise,
for this two d.o.f. manipulator.

3. Tune the two matrices KP and KD in such a way that the dynamics of the error in the two joints
is identical, with two real eigenvalues at frequencies 10 rad/s and 30 rad/s.

4. Suppose now that you have only a partial knowledge of the dynamic model of the robot. Does the
closed loop dynamics change with respect to the previous discussion? Is it still possible to guarantee
stability in the closed loop system?



EXERCISE 3
Consider the following system of kinematic constraints

q̇1 + cos (q1) q̇2 + 2q̇3 = 0

sin (q1) q̇1 + 2q̇2 − q̇3 = 0

where q =
[
q1 q2 q3 q4

]T
.

1. Using the necessary and sufficient condition, determine if the first constraint, considered as an
independent constraint, is holonomic or nonholonomic.

2. Using the necessary and sufficient condition, determine if the second constraint, considered as an
independent constraint, is holonomic or nonholonomic.



3. Assuming that AT (q) q̇ = 0 is the Pfaffian form of the system of two constraints, and

g1 (q) =


4 + cos (q1)

− (1 + 2 sin (q1))
cos (q1) sin (q1)− 2

0

 g2 (q) =


0
0
0
1


are two vectors in the null space of AT (q), demonstrate that the system of two constraints is
holonomic.



4. Does the following kinematic model

q̇ = g1 (q)u1 + g2 (q)u2

where g1 (q) and g2 (q) are the vectors introduced in the previous step, describe the motion of the
mobile robot characterized by the system of two constraints?

EXERCISE 3
Consider the design of the trajectory tracking controller of a robot described by the rear-wheel-drive
bicycle model.

1. Write the relations that allow to transform the bicycle model into the canonical simplified model.
Under which assumptions do these relations hold?

2. Considering a point P , located along the linear velocity vector v at a distance ε from the wheel
contact point, write the analytical expression of a feedback linearizing controller for the canonical
simplified model.

3. Using the transformation derived in step 1, write the analytical expression of the feedback linearizing
controller for the bicycle model using the relations of the feedback linearizing controller for the
canonical simplified model. Write the detailed procedure, not only the results.



4. Consider an implementation of the controller as a ROS node. Assuming it receives the robot actual
pose measurement as a Float64MultiArray message, where the array elements are x, y, θ, and
publishes the robot commands as a Float64MultiArray message, where the array elements are v
and ϕ, complete the code of the callback in order to store the actual pose in the class variables
act pose x, act pose y, act pose theta. Write the code to compute the reference velocities, vxP and
vyP , as unitary steps starting after 5 seconds, and the vehicle commands, using function

void c a n o n i c a l c o n t r o l l e r : : b i c y c l e f e e d b a c k l i n e a r i z a t i o n ( double vPx ,
double vPy , double& v , double& phi )

that is already implemented, and to publish them using an already defined publisher vehicleCom-
mand publisher.

void c a n o n i c a l c o n t r o l l e r : : veh ic l ePose MessageCa l lback ( const std msgs : :
Float64Mult iArray : : ConstPtr& msg)

{

}

void c a n o n i c a l c o n t r o l l e r : : Per iodicTask ( void )
{

}


