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EXERCISE 1

1. Consider the manipulator sketched in the picture:

m
2
,  I 2l 2

m 1

Find the expression of the inertia matrix B(q) of the manipulator.



2. Write the complete dynamic model for this manipulator.

3. Consider the adoption of an inverse dynamics controller for this manipulator. Write the expressions
of the two control variables.

4. Assume that the inverse dynamics controller assigns the same dynamics in closed loop to both joints
of the manipulator. Compute the gains of the controller in such a way that one eigenvalue is in −10
and the other one is in −20.



EXERCISE 2

1. With reference to collaborative robotics, explain what are the general advantages in the use of cobots
for small and medium enterprises.

2. One of the modes of interaction between human and robot allowed by the safety standards is the hand
guiding. Explain what is the control system methodology that allows to hand guide an industrial
robot. What variables need to be measured in order to implement such method?



3. Making reference to the following picture, write the inequality that has to be satisfied according to
the speed and separation monitoring safety standard, explaining the meaning of the symbols used.
What is a standard value assumed for the human velocity, in case it is not monitored?

4. Consider now a robot that is compliant with the power and force limiting safety standards. Making
reference to the following picture, derive the expression of the maximum value of the relative velocity
between robot and human requested by such standard.



EXERCISE 3
Consider a front-wheel drive bicycle with rear steerable wheel, as shown in the picture below.

1. Write the expression of vector q representing the configuration of the robot, and select the inputs,
in accordance with the standard bicycle, that should be considered in order to write the kinematic
model.

2. Derive the kinematic constraints that describe the motion of the bicycle and write them in Pfaffian
form.



3. Write the first two equations of the kinematic model of the front-wheel drive bicycle, describing the
evolution in the xy plane of the position of its rear wheel contact point (i.e., ẋ = . . . , ẏ = . . . ).

4. Does the following equation 
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represent the kinematic model of the front-wheel drive bicycle with rear steerable wheel?

If yes, what physical quantity does α represent? and how can the relation v =
`

tanφ
α be explained

using the ICR?



EXERCISE 4

1. Consider a unicycle mobile robot. Selecting as flat outputs z1 = x and z2 = y, write the flat model
of the robot, i.e., the analytical relations from z1, z2 to x, y, θ and from z1, z2 to v, ω.

2. Using the flatness transformation, determine the analytic expression of a trajectory x(t), y(t) (and
the numerical values of its coefficients) that moves a unicycle robot, in an obstacle free environment,
from an initial state xi = yi = θi = 0 and vi = 0 at ti = 0, to a final state xf = yf = 2, θf = 0 and
vf = 0 at tf = 1.



3. Modify the answer to the previous step in order to introduce the minimization of the cost

J(v, ω) =

∫ Tf

0

(
v2 + 0.5ω2

)
dt

where now Tf is a free parameter. Write the analytical expression of the relations that allow to
compute the additional coefficients that must be introduced in order to enforce the minimization of
the cost function.

4. Consider a ROS robot simulator, whose architecture is represented by the following graph.

List the nodes and topics in the graph. Which topics allow nodes to communicate? Using which
messages (specify the message type)?


