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Exercise 1 

Consider the manipulator sketched in the picture: 
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1.1 Find the expression of the inertia matrix of the manipulator1. 

Denavit-Hartenberg frames can be defined as sketched in the picture. 

Computations of the Jacobians: 

Link 1  

( ) ( )[ ] [ ]















===

01
00
00

01
11 00 zjJ l

P
l

P  

Link 2  

( ) ( ) ( )[ ] ( )[ ]














 −
=−×==

22

22

121021

1
00

0
222

cl

sl

l
l

P
l

P
l

P ppzzjjJ  

( ) ( ) ( )[ ] [ ]















−===
00
10

00

121
212 zjjJ 0l

O
l

O
l

O  

Auxiliary vectors for the above computations: 
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1 The cross product between vectors 
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Inertia matrix: 
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1.2 Compute the matrix ( )qqC ,  of the Coriolis and centrifugal terms 2  for this manipulator.  

The only derivative in the Christoffel symbols which is different from zero is: 
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The matrix of the Coriolis and centrifugal terms is thus: 

0
0

0

2222122122

2212121121

22222122112112

2112111111

2221

1211

=+=
=+=

ϑ−=+=
=+=









=

qcqcc
qcqcc

slmqcqcc
qcqcc

cc
cc









C  

1.3 Consider matrix ( ) ( ) ( )qqCqBqqN  ,2, −= . Show, for the specific case of the given manipulator, that the following 

equality is true: ( ) 0, =qqqNq T  
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2 The general expression of the Christoffel symbols is: 
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1.4 Prove that the equality ( ) 0, =qqqNq T  is true for whatever manipulator. 

Given the equation of the dynamic model of the manipulator: 

( ) ( ) ( ) τ=++ qgqqqCqqB  ,  

we consider an energy conservation principle: 

( )( ) ( )( )qgqqqBq −= τTT

dt
d


2
1  

Taking the derivative at the left hand side and using the equation of the model: 

( )( ) ( ) ( ) ( ) ( )( ) ( )( )qgqqqqCqBqqqBqqqBqqqBq −+−=+= τTTTTT
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Combining the two equations the thesis follows. 

 

Exercise 2 

Consider the problem of generating a trajectory for a scalar variable q(t) that interpolates a certain number of points at 
given instants. 

2.1  Explain the reasons why it is not advisable to use a single high order polynomial to interpolate such points. 

The interpolation of n points with only one polynomial of degree n−1 has several disadvantages: 

1. finding the coefficients of the polynomial is computationally intensive and leads to ill-conditioned numerical 
problems, for large values of n, 

2. changing a single point (ti, qi) implies to compute again the entire polynomial; 

3. adding a final point (tn+1, qn+1) implies the use of a higher degree polynomial and thus the computation of all the 
coefficients;  

4. the obtained solution in general presents undesired oscillations 

 

2.2 Consider now the interpolation of the following points: 

t1=0 q1=0 

t2=3 q2=10 

t3=6 q3=30 

t4=8 q4=20 

t5=10 q5=5 

  

 Compute the values of the speed at the intermediate points, with an approximate method that makes use of the 
slopes in the intervals before and after each point.  

We shall use the formula: 
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is the slope in the interval [tk-1, tk]. 

Then: 
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2.3 Compute the expression of the cubic polynomial for the first interval (from t1 to t2). 

We need to find the coefficients of the polynomial: 
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From the conditions at t = 0, we easily obtain a0 = a1 = 0. From the conditions at t = 3 we obtain the linear system: 
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Then the expression of the cubic polynomial is: 
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2.4 Assume now that you want to interpolate the points given in item 2.2 of this exercise with the method of the 
splines. Explain how you can find the 16 conditions that allow you to determine the 4 cubic polynomials (one for 
each of the intervals). 

Since we have n = 5 points, the conditions that can be imposed are: 

 2(n−1) = 8 conditions of passage through the points 

 n−2 = 3 conditions on continuity of velocities in the intermediate points 

 n−2 = 3 conditions on continuity of accelerations in the intermediate points 

 2 conditions on the initial and final speeds 

which sum to 16 conditions. 

 

Exercise 3 

3.1  Write the expression of the transfer function of a notch filter and sketch the amplitude Bode diagram of its 
frequency response. 

The transfer function of a notch filter takes this expression: 
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while the Bode diagram can be sketched as follows:  

 
 

3.2  Explain how a notch filter could be used in the control of a servomechanism. 

In a motion control system the notch filter is usually inserted within the speed control loop, cascaded to the PI 
controller: 
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Often the filter is used to cancel a high frequency vibration, beyond the control bandwidth, which results into an acoustic 
noise (a whistle). 

An alternative use of the notch filter is outside the speed control loop: 
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3.3  Consider now a system affected by a load disturbance: 
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 Sketch the block diagram of a disturbance observer. 
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3.4  Assume now that the system under control is a motor, with transfer function from motor torque to speed given by: 
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 Sketch the block diagram of a (torque) disturbance observer adapted for this case and explain what is the result that 
can be obtained with the application of such method. 
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Elaborating on the block diagram we have: 
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high pass filter. The torque disturbance is thus filtered quite effectively, especially in the low frequency range. 

 
Exercise 4 

Consider a manipulator where a system of forces is applied at the end-effector. 

4.1 Write the general expression of the dynamic model of the manipulator which includes the effect of such forces, 
explaining the meaning of each symbol used.   

The expression of the dynamic model is: 

( ) ( ) ( ) ( )hqJqgqqqCqqB T−=++ τ ,  
where: 
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is the vector of the contact forces and moments applied by the end effector on the environment and J is the geometrical 
Jacobian. 

 

4.2 Write the expression of an impedance controller for the whole manipulator and explain what is the result achieved 
with such controller. 

The impedance controller is: 

( ) ( ) ( ) ( )hqJqgqqqCyqB T+++= ,τ  
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with: 

( ) ( )( )AAddddddA hqqqJMxKxDxMMqJy −−++= −−  ,~~11
 

where xxx −= d
~ , JA is the analytical Jacobian, hA is such that JA

T hA = JT h, Md, Dd, Kd are diagonal, positive definite 
matrices. 

We obtain: 

Addd hxKxDxM =++ ~~~ 
 

i.e. a completely decoupled impedance relation. 

 

4.3 Write the expression of a rotational impedance. 

( )µφφφφ e
ΤTKDM =∆+∆+∆ φφφ


 

where 

ed φφφ −=∆  
is the error between a desired and an actual set of Euler angles. 

 

 

4.4 In the expression of a rotational impedance the desired values of a set of Euler angles appear. Briefly describe an 
alternative way to define the desired orientation and explain what are the advantages related to its adoption. 

The desired orientation can also be assigned with the axis/angle representation: if we assign two frames with the same 
origin but different orientations, it is always possible to determine a unit vector r such that the second frame is obtained 
from the first one through a rotation of an angle ϑf around the axis of such unit vector.  

Basically the advantage is that the axis/angle representation is more intuitive. 
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