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Exercise 1 

Consider the manipulator sketched in the picture, where the mass of the second link is assumed to be concentrated at the 
end-effector: 

m1, I1

m2

l1

 
 

1.1 Find the expression of the inertia matrix ( )qB  of the manipulator. 
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1.2 Compute the matrix ( )qqC ,  of the Coriolis and centrifugal terms 1 for this manipulator. 

 

 

 

 

 

 

 

 

 

 

 

 

1.3 Show that matrix ( ) ( ) ( )qqCqBqqN  ,2, −=  is skew symmetric. 

 

 

 

 

 

 

 

 

 

1.4 Compute the expression of the derivative of the kinetic energy ( ) ( )qqBqqqT  T

2
1, = (notice that no gravitational 

load acts on the manipulator). 

                                                 

1 The general expression of the Christoffel symbols is: 
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Exercise 2 

Consider a P/PI control system for a rigid servomechanism. 

Assume the following values for the physical parameters: 

Jm = 0.02 Kg m2 

Dm ≅ 0 

ρ = 3 (inertia ratio) 

2.1  Design a speed PI controller in such a way to obtain a crossover frequency ωcv ≅ 100 rad/s 

 

 

 

 

 

 

 

 

 

2.2 Design a P position controller in such a way to obtain a crossover frequency  ωcp ≅ 20 rad/s. 

 

 

 

 

 

 

 

 

 

 

 

2.3 Explain what is the “speed feedforward” and for what reason it is used in motion control systems. 
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2.4 Assume now that a (unitary gain) speed feedforward is used and that speed measurement is obtained through 
differentiation of the position signal. Show that the resulting controller is equivalent to a PID on the position error.  

 

 

 

 

 

 

 

 

 

 

 

 

Exercise 3 

Consider a trajectory characterized by the trapezoidal velocity profile sketched in the picture: 

tti+Ta

qv
.
q.

tf−Ta tfti  
 

3.1 Set ti = 0, tf = 3, 2=vq , and find the acceleration time Ta in such a way that the distance covered is h = 4. 

 

 

 

 

 

 

 

 

3.2 Assume now that the maximum allowable acceleration is the one determined at the previous step of this exercise 
for the initial acceleration phase. Assume however that the maximum speed be limited 1max =q . Find the 
minimum positioning time in such situation.  
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3.3 Consider a multi degree of freedom manipulator. Briefly describe a method to assign joint space trajectories in 
such a way to minimize positioning time and to have all the joints complete their tasks simultaneously.  

 

 

 

 

 

 

 

 
3.4 Assume now that some intermediate points are given and the whole trajectory has to be covered connecting 

trajectories with trapezoidal velocity profile. Describe a method that can be used to avoid that motion is stopped at 
each intermediate point. 

 

 

 

 

 

 

 

 

Exercise 4 

4.1 Explain the difference between an implicit and an explicit force controller. 
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4.2 What are the potential advantages of an implicit configuration? 

 

 

 

 

 

 

 

 

 

 

4.3 Sketch the block diagram of an implicit force control scheme for a single d.o.f. system, in contact with an 
environment. 

 

 

 

 

 

 

 

 

 

 

 
4.4 Assume that the contact established with the environment is practically rigid and that the system of item 4.3 is 

position controlled with a PID, whose gains are KP = 30, KI = 20, KD = 10. Find the expression of the force 
controller, tuned to achieve a bandwidth of 30 rad/s. 
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